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Abstract. We give explicit realization for the quantum enveloping algebrasUq(Dn). To obtain
recurrence formulae we simply extend the algebraUq(Dn) to Uq(D̃n), for which Uq(Dn) is a
subalgebra. In these formulae the generators of the algebra are expressed by means of 2n − 2
canonicalq-boson pairs and one auxiliary representation ofUq(D̃n−1).

1. Introduction

Quantum groups orq-deformed Lie algebras imply some specific deformations of classical
Lie algebras. From a mathematical point of view, they are non-commutative associative
Hopf algebras. The structure and representation theory of quantum groups were developed
extensively by Jimbo [1] and Drinfeld [2]. For a deeper introduction to quantum groups, we
would like to recommend some monographs [3, 4].

Theq-boson realizations of quantum groups are interesting for both mathematicians and
physicists. They are interesting for physicists, since the expression of generators of quantum
algebras in terms of elements of theq-oscillator algebra makes it possible to determine physical
quantities (for example, Hamiltonians) in terms of the elements of a quantum algebra. Then,
using concrete representations of this quantum algebra, we may try to find the spectrum of this
physical quantity [5]. Such examples of applications for the cases of classical Lie algebras and
their realizations in terms of the usual quantum oscillator are well known in nuclear physics
[6, 7] and in solid state physics [8, 9].

The q-boson realizations of quantum groups are interesting for mathematicians, since
they can be used for constructing infinite-dimensional representations of quantum algebras.
Here it is necessary to note that representations of Lie algebras can be constructed from
the corresponding representations of their Lie groups and the latter representations are
simply constructed by the method of induced representations when using representations of
the corresponding subgroups. In the case of quantum algebras, no method exists for the
construction of infinite-dimensional irreducible representations of a quantum algebra from
representations of the corresponding quantum group. This fact makes the results of this paper
very important from the point of view of the theory of infinite-dimensional representations of
quantum algebras.

§ Author to whom correspondence should be addressed.

0305-4470/99/346141+07$30.00 © 1999 IOP Publishing Ltd 6141
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Following the pioneering works [10, 11],q-boson realizations of the quantum groups
were constructed in many papers [12–19]. In our papers [20–22] we studied the realizations
of Uq(sl(2)), Uq(gl(n)), andUq(Bn). Some special Dyson-type realizations were studied
in [23].

2. Preliminaries

In this paper, we use the definition of a quantum group [1] given by relations among its
Chevalley generators.

Let L be a simple finite-dimensional Lie algebra.A = (aij ) is its Cartan matrix. Letq
be an independent variable,A = C[q, q−1] andC(q) is a division field ofA. Forn ∈ N and
d ∈ N we denote

[n]d = qnd − q−nd
qd − q−d ∈ A (1)

[n]d ! = [n]d · [n− 1]d · . . . · [1]d (2)

and [
n

j

]
d

= [n]d !

[n− j ]d ! · [j ]d !
. (3)

If d = 1 we omit the subscriptd.
Let di be the smallest natural numbers such that matrix(diaij ) is symmetric and positive.
The quantized universal enveloping algebraUq(L) of a semisimple Lie algebraL on the

field C(q) is defined by Chevalley generatorsEi , Fi ,Ki andK−1
i , i = 1, . . . , n, which satisfy

the commutation relations

KiKj = KjKi KiK
−1
i = K−1

i Ki = 1

KiEjK
−1
i = qaiji Ej KiFjK

−1
i = q−aiji Fj

EiFj − FjEi = δij Ki −K
−1
i

qi − q−1
i

1−aij∑
s=0

(−1)s
[

1− aij
s

]
di

E
1−aij−s
i EjE

s
i = 0 i 6= j

1−aij∑
s=0

(−1)s
[

1− aij
s

]
di

F
1−aij−s
i FjF

s
i = 0 i 6= j

(4)

whereqi = qdi .
In the case ofUq(Dn) the Cartan matrix is

A = (aij ) =



2 −1 0 . . . . . . . . . . . . . . .

−1 2 −1 . . . . . . . . . . . . . . .

0 −1 2 . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . 2 −1 0 0

. . . . . . . . . . . . −1 2 −1 −1

. . . . . . . . . . . . 0 −1 2 0

. . . . . . . . . . . . 0 −1 0 2


.

In this case we havedi = 1 for i = 1, . . . , n, which givesqi = q for i = 1, . . . , n.
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The commutation relations for Chevalley generators are

KiEjK
−1
i = qaij Ej KiFjK

−1
i = q−aij Fj i = 1, . . . , n

EiFj − FjEi = δij (Ki −K−1
i )/(q − q−1) i = 1, . . . , n

E2
i Ei±1− (q + q−1)EiEi±1Ei +Ei±1E

2
i = 0 i = 1, . . . , n− 1

E2
nEn−2 − (q + q−1)EnEn−2En − En−2E

2
n = 0

E2
n−2En − (q + q−1)En−2EnEn−2 − EnE2

n−2 = 0

(5)

and similar commutation relations forFi .
In paper [24] we showed the construction of boson realizations for the simple Lie algebra

L, by using the induced representations. We also used this method for quantum algebra [21,25].
The difference is that for the quantum algebra case we do not use theW algebra but itsq-
deformed versionH [10,11].

The algebraH, is the associative algebra over fieldC(q) which is generated by elements
of a+, a− = a, qx andq−x , which satisfy the commutation relations

aa+ − q−1a+a = qx a+ − qaa+a = q−x
qxa+q−x = qa+ qxaq−x = q−1a

qxq−x = q−xqx = 1.

(6)

This algebra has faithful representation on a vector space with basic elements{|n〉, where
n = 0, 1, . . .}:

qx |n〉 = qn|n〉
a+|n〉 = |n + 1〉
a|n〉 = [n]|n− 1〉.

(7)

Definition. LetUq(L) be a quantum algebra andUq(L0) its subalgebra. A realization of the
quantum algebraUq(L) is a homomorphism

τ : Uq(L) −→ Hn ⊗ Uq(L0)

whereHn is ann-fold tensor product of the Hayashi algebras.

3. Construction of the realization ofUq(Dn)

If we take the new generatorK0 with commutation relations

K0E1K
−1
0 = q−1E1 K0F1K

−1
0 = qF1

and the other commutation relations are zero, we obtain the extension of the algebraUq(Dn),
which we denote asUq(D̃n). Evidently,Uq(Dn) is the subalgebraUq(D̃n) andUq(D̃n−1) ⊂
Uq(D̃n) is a subalgebra.

LetUq(D̃n−1) be a subalgebra ofUq(D̃n), which is generated by elementsK1,Ej , Fj ,Kj
andK−1

j , j = 2, . . . , n, andϕ be an arbitrary representation ofUq(D̃n−1).

LetUq(L0) be the extension of the algebraUq(D̃n−1) by elementF1. The representation
ϕ can be extended to the representation ofUq(L0) if we putϕ(F1) = 0.

We denote

X1 = E1

Xk = EkXk−1− q−1Xk−1Ek k = 2, . . . , n− 1

Yn−1 = EnXn−2 − q−1Xn−2En

Yk = Ek+1Yk+1− q−1Yk+1Ek+1 k = 1, . . . , n− 2
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and further

|x, y〉 = |x1, x2, . . . , xn−1, yn−1, . . . , y1〉 = Xx1
1 ·Xx2

2 . . . X
xn−1

n−1 · Y yn−1

n−1 · . . . Y y1
1 .

In the algebraUq(D̃n−1) we specify the elements

G2 = E2

Gk = EkGk−1− q−1Gk−1Ek k = 3, . . . , n− 1

Hn−1 = EnGn−2 − q−1Gn−2En

Hk = Ek+1Hk+1− q−1Hk+1Ek+1 k = 2, . . . , n− 2.

As we see, these elements appear in our induced representation, see theorem 1. In the algebra
Uq(D̃n−1) they play the same role asXi andYj in the algebraUq(D̃n).

Starting from now we take the casen > 3.
The induced representationρ, of quantum algebraUq(D̃n) is generated on the space with

the basis

|x, y; v〉 = |x, y〉 ⊗ v
where the{v ∈ V } form a basis of representationϕ of the subalgebraUq(Dn−1), which is
extended to the representation ofUq(L0), as above.

By using the commutation relations (5) and mathematical induction we now obtain the
following lemma.

Lemma. For anyk = 0, 1, . . . andr = 2, . . . , n− 1 the following formulae hold:

ErX
k
r−1 = q−kXkr−1Er + [k]Xk−1

r−1Xr

ErY
k
r = q−kY kr Er + [k]Y k−1

r Yr−1

EnX
k
n−2 = q−kXkn−2En + [k]Xk−1

n−2Yn−1

EnX
k
n−1 = q−kXkn−1En + [k]Xk−1

n−1Yn−2

FnY
k
n−1 = Y kn−1Fn + [k]Xn−2Y

k−1
n−1K

−1
n

FnY
k
n−2 = Y kn−2Fn + [k]Xn−1Y

k−1
n−2K

−1
n

FrX
k
r = Xkr Fr + [k]Xr−1X

k−1
r K−1

r

FrY
k
r−1 = Y kr−1Fr + [k]YrY

k−1
r−1K

−1
r

F1X
k
1 = X1F

k
1 − (q − q−1)−1[k]Xk−1

1 (qk−1K1− q−k+1K−1
1 )

F1X
k
r = Xkr F1− qk−2[k]Xk−1

r GrK1

F1Y
k
r = Y kr F1− qk−2[k]Y k−1

r HrK1

F1Y
k
1 = Y k1F1− qk−1[k]Y k−1

1 K1(qG2H2 − q−1H2G2)

GrY
k
r = q−kY kr Gr + (−1)rq−r [k]Y k−1

r �r−1

�rY
k
r = (−1)r+1(q − q−1)qr−kY k+1

r Gr + q−kY kr �r−1

where�r = q2Y1− (q − q−1)
∑r

s=2(−1)sqsYsGs .

We omit the details of the calculations and write the result for the action of induced
representationρ on the basis.

Theorem 1. Letn > 3 andr = 2, . . . , n− 1, then the formulae

E1|x, y〉 ⊗ v = |x + 11, y〉 ⊗ v
Er |x, y〉 ⊗ v = [xr−1]|x − 1r−1 + 1r , y〉 ⊗ v + qxr−xr−1[yr ]|x, y − 1r + 1r−1〉 ⊗ v
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+qxr−xr−1−yr+yr−1|x, y〉 ⊗ ϕ(Er)v
En|x, y〉 ⊗ v = [xn−2]|x − 1n−2, y + 1n−1〉 ⊗ v + qyn−1−xn−2[xn−1]|x − 1n−1, y + 1n−2〉 ⊗ v

+qyn−1+yn−2−xn−1−xn−2|x, y〉 ⊗ ϕ(En)v
K1|x, y〉 ⊗ v = qx1+Xn−1

1 +Yn−1
2 |x, y〉 ⊗ ϕ(K1)v

Kr |x, y〉 ⊗ v = qxr−xr−1+yr−1−yr |x, y〉 ⊗ ϕ(Kr)v
Kn|x, y〉 ⊗ v = qyn−2+yn−1−xn−2−xn−1|x, y〉 ⊗ ϕ(Kn)v
K0|x, y〉 ⊗ v = qλ0−Xn−1

1 −Yn−1
1 |x, y〉 ⊗ v

Fn|x, y〉 ⊗ v = qxn−1−yn−2[yn−1]|x + 1n−2, y − 1n−1〉 ⊗ ϕ(K−1
n )v

+[yn−2]|x + 1n−1, y − 1n−2〉 ⊗ ϕ(K−1
n )v + |x, y〉 ⊗ ϕ(Fn)v

Fr |x, y〉 ⊗ v = qyr−yr−1[xr ]|x − 1r + 1r−1, y〉 ⊗ ϕ(K−1
r )v

+[yr−1]|x, y + 1r − 1r−1〉 ⊗ ϕ(K−1
r )v + |x, y〉 ⊗ ϕ(Fr)v

F1|x, y〉 ⊗ v = −(q − q−1)−1[x1]|x − 11, y〉 ⊗ [qX
n−1
1 +Yn−1

2 −1ϕ(K1)

−q−Xn−1
1 −Yn−1

2 +1ϕ(K−1
1 )]v −

n−1∑
r=2

qY
r
1−2[yr ]|x, y − 1r〉 ⊗ ϕ(HrK1)v

−qy1−1[y1]|x, y − 11〉 ⊗ ϕ[K1(qG2H2 − q−1H2G2)]v

−
n−1∑
r=2

qX
n−1
r +Yn−1

1 −yr−2[xr ]|x − 1r , y〉 ⊗ ϕ(GrK1)v

−
n−1∑
r=2

(−1)rqX
n−1
r +Yn−1

r −r [xr ][yr ] × |x − 1r , y − 1r + 11〉 ⊗ ϕ(K1)v

+(q − q−1)

n−1∑
r=3

r−1∑
s=2

(−1)r+sqX
n−1
r +Yn−1

r +Y s−1
1 +s−r−2

×[xr ][yr ]|x − 1r , y − 1r + 1s〉 ⊗ ϕ(GsK1)v

where

Xsr =
s∑
k=r

xk and Y sr =
s∑
k=r

yk

give the induced representation of the algebraUq(D̃n).

From the explicit form of the induced representation we can see that it is possible to rewrite
it by using representation (7) of the Hayashi generatorsa+

i , ai , qxi andq−xi , b+
i , bi , q

yi and
q−yi , wherei, j = 1, . . . , n− 1, and representationϕ of the generatorsUq(D̃n−1). The facts
that representation (7) is faithful andϕ can be arbitrary, give us the following theorem.

Theorem 2. Let n > 3 and r = 2, . . . , n − 1, then the mappingτ : Uq(D̃n) →
H2n−1⊗ Uq(D̃n−1) defined by formulae:

ρ(E1) = a+
1

ρ(Er) = ar−1a
+
r + qxr−xr−1brb

+
r−1 + qxr−xr−1−yr+yr−1ϕ(Er)

ρ(En) = an−2b
+
n−1 + qyn−1−xn−2an−1b

+
n−2 + qyn−1+yn−2−xn−1−xn−2ϕ(En)

ρ(K1) = qx1+Xn−1
1 +Yn−1

2 ϕ(K1)

ρ(Kr) = qxr−xr−1−yr+yr−1ϕ(Kr)

ρ(Kn) = qyn−1+yn−2−xn−1−xn−2ϕ(Kn)
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ρ(K0) = qλ0−Xn−1
1 −Yn−1

1

ρ(Fn) = qxn−1−yn−2a+
n−2bn−1ϕ(K

−1
n ) + a+

n−1bn−2ϕ(K
−1
n ) + ϕ(Fn)

ρ(Fr) = qyr−yr−1ara
+
r−1ϕ(K

−1
r ) + b+

r br−1ϕ(K
−1
r ) + ϕ(Fr)

ρ(F1) = −(q − q−1)−1[qX
n−1
1 +Yn−1

2 ϕ(K1)− q−Xn−1
1 −Yn−1

2 ϕ(K−1
1 )]a1

−
n−1∑
r=2

qY
r
1 brϕ(K1Hr)− qy1b1ϕ[K1(qG2H2 − q−1H2G2)]

−
n−1∑
r=2

qX
n−1
r +Yn−1

r −yr arϕ(K1Gr)−
n−1∑
r=2

(−1)rqX
n−1
r +Yn−1

r +2−rarbrb+
1ϕ(K1)

+(q − q−1)

n−1∑
r=3

r−1∑
s=2

(−1)r+sqX
n−1
r +Yn−1

r +Y s−1
1 +s−r+1arbrb

+
s ϕ(K1Gs)

is a realization of the quantum groupUq(D̃n). In these formulae we meanqX
s
r = ∏s

i=r q
xi

andqY
s
r =∏s

i=r q
yi .

BecauseUq(D3) is isomorphic toUq(A3), we can take the realization from our previous
paper [7]:

ρ(E1) = a1a
+
2 + qx2−x1ϕ(E1)

ρ(E2) = a+
1

ρ(E3) = a2a
+
3 + qx3−x1ϕ(E3)

ρ(K1) = qx2−x1ϕ(K1)

ρ(K2) = qx1+X3
1ϕ(K2)

ρ(K3) = qx3−x2ϕ(K3)

ρ(F3) = a3a
+
2ϕ(K

−1
3 ) + ϕ(F3)

ρ(F1) = a2a
+
1ϕ(K

−1
1 ) + ϕ(F1)

ρ(F2) = −(q − q−1)−1[qX
3
1ϕ(K2)− q−X3

1ϕ(K−1
2 ]a1− qx2+x3aaϕ(K2G2)− qx3a3ϕ(K2G3)

ρ(K0) = qλ0−x2−x3

whereG2 = E1 andG3 = E3E1 − q−1E1E3 is the realization of the quantum groupUq(A2)

generated byE1, E3, F1, F3,K1 andK3 extended by generatorK2.
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